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SOME APPROXIMATION RESULTS ON
BLEIMANN-BUTZER-HAHN OPERATORS DEFINED BY
(p, q)-INTEGERS
M. MURSALEEN1, MD. NASIRUZZAMAN1, ASIF KHAN2 AND KHURSHEED J.
ANSARI2∗
Abstract. In this paper, we introduce a generalization of the Bleimann-
Butzer-Hahn operators based on (p, q)-integers and obtain Korovkin’s type
approximation theorem for these operators. Furthermore, we compute conver-
gence of these operators by using the modulus of continuity.
1. Introduction and preliminaries
Bleimann, Butzer and Hahn (BBH) introduced the following operators in [2]
as follows;
Ln(f ; x) =
1
(1 + x)n
n∑
k=0
f
(
k
n− k + 1
)[
n
k
]
xk, x ≥ 0 (1.1)
In approximation theory, q-type generalization of Bernstein polynomials was in-
troduced by Lupa [7]. In 1997, Phillips [11] introduced another modification
of Bernstein polynomials. Also he obtained the rate of convergence and the
Voronovskaja’s type asymptotic expansion for these polynomials.
The BBH-type operators based on q-integers are defined as follows
Lqn(f ; x) =
1
ℓn(x)
n∑
k=0
f
(
[k]q
[n− k + 1]qqk
)
q
k(k−1)
2
[
n
k
]
q
xk (1.2)
where ℓn(x) =
∏n−1
k=0(1 + q
sx).
Recently, Mursaleen et al [8] applied (p, q)-calculus in approximation theory and
introduced first (p, q)-analogue of Bernstein operators. They also introduced and
studied approximation properties of (p, q)-analogue of Bernstein-Stancu opera-
tors in [9].
Let us recall certain notations on (p, q)-calculus.
The (p, q) integers [n]p,q are defined by
[n]p,q =
pn − qn
p− q
, n = 0, 1, 2, · · · , 0 < q < p ≤ 1.
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whereas q-integers are given by
[n]q =
1− qn
1− q
, n = 0, 1, 2, · · · , 0 < q < 1.
It is very clear that q-integers and (p, q)-integers are different, that is we cannot
obtain (p, q) integers just by replacing q by q
p
in the definition of q-integers but if
we put p = 1 in definition of (p, q) integers then q-integers becomes a particular
case of (p, q) integers. Thus we can say that (p, q)-calculus can be taken as a
generalization of q-calculus.
Now by some simple calculation and induction on n, we have (p, q)-binomial
expansion as follows
(ax+ by)np,q :=
n∑
k=0
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n
k
]
p,q
an−kbkxn−kyk,
(x+ y)np,q = (x+ y)(px+ qy)(p
2x+ q2y) · · · (pn−1x+ qn−1y),
(1− x)np,q = (1− x)(p− qx)(p
2 − q2x) · · · (pn−1 − qn−1x)
and the (p, q)-binomial coefficients are defined by[
n
k
]
p,q
=
[n]p,q!
[k]p,q![n− k]p,q!
.
Again it can be easily verified that (p, q)-binomial expansion is different from
q-binomial expansion and is not a replacement of q by q
p
.
By some simple calculation, we have the following relation
qk[n− k + 1]p,q = [n+ 1]p,q − p
n−k+1[k]p,q.
For details on q-calculus and (p, q)-calculus, one can refer [15], [5, 12, 13],
respectively.
Now based on (p, q)-integers, we construct (p, q)-analogue of BBH-operators,
and we call it as (p, q)-Bleimann-Butzer-Hahn-Operators and investigate its Korovokin’s-
type approximation properties, by using the test functions
(
t
1+t
)ν
for ν = 0, 1, 2.
Also for a space of generalized Lipschitz-type maximal functions we give a point-
wise estimation.
Let CB(R+) be the set of all bounded and continuous functions on R+, then
CB(R+) is linear normed space with
‖ f ‖CB= sup
x≥0
| f(x) | .
Let ω denotes modulus of continuity satisfying the following condition:
(1) ω is a non-negative increasing function on R+
(2) ω(δ1 + δ2) ≤ ω(δ1) + ω(δ2)
(3) limδ→0 ω(δ) = 0.
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Let Hω be the space of all real-valued functions f defined on the semiaxis R+
satisfying the condition
| f(x)− f(y) |≤ ω
(∣∣∣∣ x1 + x − y1 + y
∣∣∣∣) ,
for any x, y ∈ R+.
Theorem 1.1. [4] Let {An} be the sequence of positive linear operators from Hω
into CB(R+), satisfying the conditions
lim
n→∞
‖ An
((
t
1 + t
)ν
; x
)
−
(
x
1 + x
)ν
‖CB ,
for ν = 0, 1, 2. Then for any function f ∈ Hω
lim
n→∞
‖ An(f)− f ‖CB= 0.
We define (p, q)-Bleimann-Butzer and Hahn-type operators based on (p, q)-
integers as follows:
Lp,qn (f ; x) =
1
ℓ
p,q
n (x)
n∑
k=0
f
(
pn−k+1[k]p,q
[n− k + 1]p,qqk
)
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n
k
]
p,q
xk (1.3)
where, x ≥ 0, 0 < q < p ≤ 1
ℓp,qn (x) =
n−1∏
s=0
(ps + qsx)
and f is defined on semiaxis R+.
And also by induction, we construct the Euler identity based on (p, q)-analogue
defined as follows:
n−1∏
s=0
(ps + qsx) =
n∑
k=0
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n
k
]
p,q
xk (1.4)
If we put p = 1, then we obtain q-BBH-operators. If we take f
(
[k]p,q
[n−k+1]p,q
)
in-
stead of f
(
pn−k+1[k]p,q
[n−k+1]p,qqk
)
in (1.3), then we obtain usual generalization of Bleimann,
Butzer and Hahn operators based on (p, q)-integers, then in this case it is impos-
sible to obtain explicit expressions for the monomials tν and
(
t
1+t
)ν
for ν = 1, 2.
But if we define the Bleimann, Butzer and Hahn operators as in (1.3), then we
can obtain explicit formulas for the monomials
(
t
1+t
)ν
for ν = 0, 1, 2. We em-
phasize that these operators are more flexible than the classical BBH-operators
and q-analogue of BBH-operators. That is depending on the selection of (p, q)-
integers, the rate of convergence of (p, q)-BBH-operators is atleast as good as the
classical one.
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2. Main results
Lemma 2.1. Let Lp,qn (f ; x) be given by (1.3), then for any x ≥ 0 and 0 < q <
p ≤ 1 we have the following identities
(1) Lp,qn (1; x) = 1,
(2) Lp,qn (
t
1+t
; x) = p[n]p,q
[n+1]p,q
(
x
1+x
)
,
(3) Lp,qn
(
( t
1+t
)2; x
)
= pq
2[n]p,q[n−1]p,q
[n+1]2p,q
x2
(1+x)(p+qx)
+ p
n+1[n]p,q
[n+1]2p,q
(
x
1+x
)
.
Proof. (1) Lp,qn (1; x) =
1
ℓ
p,q
n (x)
∑n
k=1 p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n
k
]
p,q
xk
For 0 < q < p ≤ 1, we have
n∑
k=0
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n
k
]
p,q
xk =
n−1∏
s=0
(ps + qsx) = ℓp,qn (x),
which completes the proof.
(2) Let t = p
n−k+1[k]p,q
[n−k+1]p,qqk
, then t
t+1
= [k]p,qp
n+1−k
[n+1]p,q
Lp,qn
(
t
1 + t
; x
)
=
1
ℓ
p,q
n (x)
n∑
k=1
[k]p,qp
n−k+1
[n+ 1]p,q
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n
k
]
p,q
xk
=
1
ℓ
p,q
n (x)
n∑
k=1
[n]p,qp
n−k+1
[n+ 1]p,q
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n− 1
k − 1
]
p,q
xk
= x
(
1
ℓ
p,q
n (x)
·
[n]p,q
[n+ 1]p,q
p
) n−1∑
k=0
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n− 1
k
]
p,q
(qx)k
= p
[n]p,q
[n+ 1]p,q
x
1 + x
.
(3) Lp,qn
(
t2
(1+t)2
; x
)
= 1
ℓ
p,q
n (x)
∑n
k=1
[k]2p,qp
2(n−k+1)
[n+1]2p,q
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n
k
]
p,q
xk.
By some simple calculation, we have
[k]p,q = p
k−1 + q[k − 1]p,q, and [k]
2
p,q = q[k]p,q[k − 1]p,q + p
k−1[k]p,q,
using it we, get
Lp,qn
(
t2
(1 + t)2
; x
)
=
1
ℓ
p,q
n (x)
n∑
k=2
q[k]p,q[k − 1]p,qp
2n−2k+2
[n+ 1]2p,q
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n
k
]
p,q
xk
+
1
ℓ
p,q
n (x)
n∑
k=1
pk−1
[k]p,qp
2n−2k+2
[n + 1]2p,q
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n
k
]
p,q
xk
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=
1
ℓ
p,q
n (x)
q[n]p,q[n− 1]p,q
[n+ 1]2p,q
n∑
k=2
p((2n−2k+2)+
(n−k)(n−k−1)
2 )q
k(k−1)
2
[
n− 2
k − 2
]
p,q
xk
+
1
ℓ
p,q
n (x)
[n]p,q
[n+ 1]2p,q
n∑
k=1
p((k−1)+(2n−2k+2)+
(n−k)(n−k−1)
2 )q
k(k−1)
2
[
n− 1
k − 1
]
p,q
xk
= x2
1
ℓ
p,q
n (x)
q[n]p,q[n− 1]p,q
[n + 1]2p,q
n−2∑
k=0
p((2n−2k−2)+
(n−k−2)(n−k−3)
2 )q
(k+1)(k+2)
2
[
n− 2
k
]
p,q
xk
+x
1
ℓ
p,q
n (x)
[n]p,q
[n + 1]2p,q
n−1∑
k=0
p(k+(2n−2k)+
(n−k−1)(n−k−2)
2 )q
k(k+1)
2
[
n− 1
k
]
p,q
xk
= x2
1
ℓ
p,q
n (x)
pq2[n]p,q[n− 1]p,q
[n + 1]2p,q
n−2∑
k=0
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n− 2
k
]
p,q
(q2x)k
+x
1
ℓ
p,q
n (x)
pn+1[n]p,q
[n+ 1]2p,q
n−1∑
k=0
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n− 1
k
]
p,q
(qx)k
=
pq2[n]p,q[n− 1]p,q
[n+ 1]2p,q
x2
(1 + x)(p + qx)
+
pn+1[n]p,q
[n+ 1]2p,q
(
x
1 + x
)
.

Korovkin type approximation properties.
In this section, we obtain the Korovkin’s type approximation properties for
our operators defined by (1.3), with the help of Theorem 1.1.
In order to obtain the convergence results for the operators Lp,qn , we take
q = qn, p = pn where qn ∈ (0, 1) and pn ∈ (qn, 1] satisfying,
lim
n
pn = 1, lim
n
qn = 1 (2.1)
Theorem 2.2. Let p = pn, q = qn satisfying (2.1), for 0 < qn < pn ≤ 1 and if
Lpn,qnn is defined by (1.3), then for any function f ∈ Hω,
lim
n
‖ Lpn,qnn (f ; x)− f ‖CB= 0.
Proof. Using the Theorem 1.1, we see that it is sufficient to verify that following
three conditions:
lim
n→∞
‖ Lpn,qnn
((
t
1 + t
)ν
; x
)
−
(
x
1 + x
)ν
‖CB= 0, ν = 0, 1, 2 (2.2)
From Lemma 2.1, the first condition of (2.2) is fulfilled for ν = 0. Now it is easy
to see that from (2) of Lemma 2.1
‖ Lpn,qnn
((
t
1 + t
)ν
; x
)
−
(
x
1 + x
)ν
‖CB ≤
∣∣∣∣ pn[n]pn,qn[n+ 1]pn,qn − 1
∣∣∣∣
≤
∣∣∣∣(pnqn
)(
1− pnn
1
[n + 1]pn,qn
)
− 1
∣∣∣∣.
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Since qn[n]pn,qn = [n + 1]pn,qn − p
n
n, [n + 1]pn,qn → ∞ as n → ∞, the condition
(2.2) holds for ν = 1. To verify this condition for ν = 2, consider (3) of Lemma
2.1. Then, we see that
‖ Lpn,qnn
((
t
1+t
)2
; x
)
−
(
x
1+x
)2
‖CB
= supx≥0
{
x2
(1+x)2
(
pnq
2
n[n]pn,qn [n−1]pn,qn
[n+1]2pn,qn
. 1+x
pn+qnx
− 1
)
+ p
n+1
n [n]pn,qn
[n+1]2pn,qn
· x
1+x
}
.
A small calculation leads to
[n]pn,qn[n− 1]pn,qn
[n+ 1]2pn,qn
=
1
q3n
{
1− pnn
(
2 +
qn
pn
)
1
[n+ 1]pn,qn
+ (pnn)
2
(
1 +
qn
pn
)
1
[n+ 1]2pn,qn
}
,
and
[n]pn,qn
[n+ 1]2pn,qn
=
1
qn
(
1
[n + 1]pn,qn
− pnn
1
[n + 1]2pn,qn
)
.
Thus, we have
‖ Lpn,qnn
((
t
1+t
)2
; x
)
−
(
x
1+x
)2
‖CB
≤ pn
qn
{
1− pnn
(
2 + qn
pn
)
1
[n+1]pn,qn
+ (pnn)
2
(
1 + qn
pn
)
1
[n+1]2pn,qn
− 1
}
+pnn
pn
qn
(
1
[n+1]pn,qn
− pnn
1
[n+1]2pn,qn
)
.
This implies that the condition (2.2) holds for ν = 2 and the proof is completed
by Theorem 1.1. 
Rate of Convergence.
In this section, we calculate the rate of convergence of operators (1.3) by
means of modulus of continuity and Lipschitz type maximal functions.
The modulus of continuity for f ∈ Hω is defined by
ω˜(f ; δ) =
∑
| t
1+t
− x
1+x
|≤δ,
x,t≥0
| f(t)− f(x) |
where ω˜(f ; δ) satisfies the following conditions. For all f ∈ Hω(R+)
(1) limδ→0 ω˜(f ; δ) = 0
(2) | f(t)− f(x) |≤ ω˜(f ; δ)
(
| t
1+t
− x
1+x
|
δ
+ 1
)
Theorem 2.3. Let p = pn, q = qn satisfy (2.1), for 0 < qn < pn ≤ 1 and if
Lpn,qnn is defined by (1.3). Then for each x ≥ 0 and for any function f ∈ Hω, we
have
| Lpn,qnn (f ; x)− f |≤ 2ω˜(f ;
√
δn(x)),
where
δn(x) =
x2
(1 + x)2
(
pnq
2
n[n]pn,qn[n− 1]pn,qn
[n + 1]2pn,qn
1 + x
pn + qnx
− 2
pn[n]pn,qn
[n + 1]pn,qn
+ 1
)
+
pn+1n [n]pn,qn
[n + 1]2pn,qn
x
1 + x
.
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Proof.
| Lpn,qnn (f ; x)− f | ≤ L
pn,qn
n (| f(t)− f(x) |; x)
≤ ω˜(f ; δ)
{
1 +
1
δ
Lpn,qnn
(∣∣∣∣ t1 + t − x1 + x ∣∣; x
)}
.
Now by using the Cauchy-Schwarz inequality, we have
| Lpn,qnn (f ; x)− f | ≤ ω˜(f ; δn)
1 + 1δn
[(
Lpn,qnn
(
t
1 + t
−
x
1 + x
)2
; x
)] 1
2
(Lpn,qnn (1; x))
1
2

≤ ω˜(f ; δn)
{
1 + 1
δn
[
x2
(1+x)2
(
pnq
2
n[n]pn,qn [n−1]pn,qn
[n+1]2pn,qn
1+x
pn+qnx
− 2 pn[n]pn,qn
[n+1]pn,qn
+ 1
)
+ p
n+1
n [n]pn,qn
[n+1]2pn,qn
x
1+x
] 1
2
}
.
This completes the proof. 
Now we will give an estimate concerning the rate of convergence by means
of Lipschitz type maximal functions. In [1], the Lipschitz type maximal function
space on E ⊂ R+ is defined as
W˜α,E = {f : sup(1 + x)
αf˜α(x) ≤M
1
(1 + y)α
: x ≤ 0, and y ∈ E} (2.3)
where f is bounded and continuous function on R+, M is a positive constant,
0 < α ≤ 1.
In [6], B.Lenze introduced a Lipschitz type maximal function fα as follows:
fα(x, t) =
∑
t>0
t6=x
| f(t)− f(x) |
| x− t |α
. (2.4)
We denote by d(x, E) the distance between x and E, that is
d(x, E) = inf{| x− y |; y ∈ E}.
Theorem 2.4. For all f ∈ W˜α,E, we have
| Lpn,qnn (f ; x)− f(x) |≤M
(
δ
α
2
n (x) + 2 (d(x, E))
α
)
(2.5)
where δn(x) is defined as in Theorem 2.3.
Proof. Let E denote the closure of the set E. Then there exits a x0 ∈ E such
that | x− x0 |= d(x, E), where x ∈ R+. Thus we can write
| f − f(x) |≤| f − f(x0) | + | f(x0)− f(x) | .
Since Lpn,qnn is a positive linear operator, f ∈ W˜α,E and by using the previous
inequality, we have
| Lpn,qnn (f ; x)− f(x) |≤| L
pn,qn
n (| f − f(x0) |; x)+ | f(x0)− f(x) | L
pn,qn
n (1; x)
≤M
(
Lpn,qnn
(∣∣∣∣ t1 + t − x01 + x0
∣∣∣∣α; x)+ | x− x0 |α(1 + x)α(1 + x0)αLpn,qnn (1; x)
)
.
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Since (a+ b)α ≤ aα + bα, which consequently imply
Lpn,qnn
(∣∣∣∣ t1 + t − x01 + x0
∣∣∣∣α; x) ≤ Lpn,qnn (∣∣∣∣ t1 + t − x1 + x
∣∣∣∣α; x)+Lpn,qnn (∣∣∣∣ x1 + x − x01 + x0
∣∣∣∣α; x)
Lpn,qnn
(∣∣∣∣ t1 + t − x01 + x0
∣∣∣∣α; x) ≤ Lpn,qnn (∣∣∣∣ t1 + t − x1 + x
∣∣∣∣α; x)+ | x− x0 |α(1 + x)α(1 + x0)αLpn,qnn (1; x).
By using the Hlder inequality with p = 2
α
and q = 2
2−α
, we have
Lpn,qnn
(∣∣∣∣ t1+t − x01+x0
∣∣∣∣α; x) ≤ Lpn,qnn (( t1+t − x1+x)2 ; x)α2 (Lpn,qnn (1; x)) 2−α2
+
| x− x0 |
α
(1 + x)α(1 + x0)α
Lpn,qnn (1; x)
= δ
α
2
n (x) +
| x− x0 |
α
(1 + x)α(1 + x0)α
.
This completes the proof. 
Corollary 2.5. If we take E = R+ as a particular case of Theorem 2.4, then for
all f ∈ W˜α,R+, we have
| Lpn,qnn (f ; x)− f(x) |≤Mδ
α
2
n (x),
where δn(x) is defined in Theorem 2.3.
Theorem 2.6. If x ∈ (0,∞)\
{
pn−k+1
[k]p,q
[n−k+1]p,qqk
∣∣∣∣k = 0, 1, 2, · · · , n}, then
Lp,qn (f ; x)− f
(
px
q
)
= − x
n+1
ℓ
p,q
n (x)
[
px
q
; p[n]p,q
qn
; f
]
pq
n(n−1)
2
−1
+
x
ℓ
p,q
n (x)
n−1∑
k=0
[
px
q
; pn−k+1
[k]p,q
[n− k + 1]p,qqk
; f
]
1
[n− k]p,q
p
(n−k)(n−k+1)
2
+1q
k(k−3)
2
−2
[
n
k
]
p,q
xk.
(2.6)
Proof. By using (1.3), we have
Lp,qn (f ; x)−f
(
px
q
)
= 1
ℓ
p,q
n (x)
∑n
k=0
[
f
(
pn−k+1[k]p,q
[n−k+1]p,qqk
)
− f
(
px
q
)]
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n
k
]
p,q
xk
= − 1
ℓ
p,q
n (x)
∑n
k=0
(
px
q
− p
n−k+1[k]p,q
[n−k+1]p,qqk
) [
px
q
; p
n−k+1[k]p,q
[n−k+1]p,qqk
; f
]
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n
k
]
p,q
xk
By using [k]p,q
[n−k+1]p,q
[
n
k
]
p,q
=
[
n
k − 1
]
p,q
, we have
Lp,qn (f ; x)−f
(
px
q
)
= −
x
ℓ
p,q
n (x)
n∑
k=0
[
px
q
;
pn−k+1[k]p,q
[n− k + 1]p,qqk
; f
]
p
(n−k)(n−k−1)
2
+1q
k(k−1)
2
−1
[
n
k
]
p,q
xk.
+
1
ℓ
p,q
n (x)
n∑
k=1
[
px
q
;
pn−k+1[k]p,q
[n− k + 1]p,qqk
; f
]
p
(n−k)(n−k−1)
2
−(k−n−1)q
k(k−1)
2
−k
[
n
k − 1
]
p,q
xk
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= −
x
ℓ
p,q
n (x)
n∑
k=0
[
px
q
;
pn−k+1[k]p,q
[n− k + 1]p,qqk
; f
]
p
(n−k)(n−k−1)
2
+1q
k(k−1)
2
−1
[
n
k
]
p,q
xk.
+
x
ℓ
p,q
n (x)
n−1∑
k=0
[
px
q
;
pn−k[k + 1]p,q
[n− k]p,qqk+1
; f
]
p
(n−k−1)(n−k−2)
2
−(k−n)q
k(k+1)
2
−(k+1)
[
n
k
]
p,q
xk
= − x
n+1
ℓ
p,q
n (x)
[
px
q
; p[n]p,q
qn
; f
]
pq
n(n−1)
2
−1
+ x
ℓ
p,q
n (x)
∑n−1
k=0
{[
px
q
; p
n−k[k+1]p,q
[n−k]p,qqk+1
; f
]
−
[
px
q
; p
n−k+1[k]p,q
[n−k+1]p,qqk
; f
]}
p
(n−k)(n−k−1)
2
+1q
k(k−1)
2
−1
[
n
k
]
p,q
xk.
Now by using the result[
px
q
; p
n−k[k+1]p,q
[n−k]p,qqk+1
; f
]
−
[
px
q
; p
n−k+1[k]p,q
[n−k+1]p,qqk
; f
]
=
(
pn−k[k + 1]p,q
[n− k]p,qqk+1
−
pn−k+1[k]p,q
[n− k + 1]p,qqk
)
f
[
px
q
;
pn−k+1[k]p,q
[n− k + 1]p,qqk
;
pn−k[k + 1]p,q
[n− k]p,qqk+1
; f
]
and
pn−k[k + 1]p,q
[n− k]p,qqk+1
−
pn−k+1[k]p,q
[n− k + 1]p,qqk
= [n+ 1]p,q,
we have
Lp,qn (f ; x)− f
(
px
q
)
= − x
n+1
ℓ
p,q
n (x)
[
px
q
; p[n]p,q
qn
; f
]
pq
n(n−1)
2
−1
+ x
ℓ
p,q
n (x)
∑n−1
k=0
{[
px
q
; p
n−k+1[k]p,q
[n−k+1]p,qqk
; f
]
pn−k[n+1]p,q
[n−k]p,q[n−k+1]p,qqk+1
}
p
(n−k)(n−k−1)
2
+1q
k(k−1)
2
−1
[
n
k
]
p,q
xk.
This completes the proof. 
Some Generalization of Lp,qn .
In this section, we present some generalization of the operators Lp,qn based on
(p, q)-integers similar to work done in [3, 1].
We consider a sequence of linear positive operators based on (p, q)-integers
as follows:
L(p,q),γn (f ; x) =
1
ℓ
p,q
n (x)
n∑
k=0
f
(
pn−k+1[k]p,q + γ
bn,k
)
p
(n−k)(n−k−1)
2 q
k(k−1)
2
[
n
k
]
p,q
xk, (γ ∈ R)
(2.7)
where bn,k satisfies the following conditions:
pn−k+1[k]p,q + bn,k = cn and
[n]p,q
cn
→ 1, for n→∞.
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It is easy to check that if bn,k = q
k[n−k+1]p,q+β for any n, k and 0 < q < p ≤ 1,
then cn = [n+1]p,q+β. If we choose p = 1, then operators reduce to generalization
of q-BBH opeartors defined in [1], and which turn out to be D.D. Stancu-type
generalization of Bleimann, Butzer, and Hahn operators based on q-integers [14].
If we choose γ = 0, q = 1 as in [1] for p = 1, then the operators become the
special case of the Balzs-type generalization of the q-BBH operators [1] given in
[3].
Theorem 2.7. Let p = pn, q = qn satisfying (2.1), for 0 < qn < pn ≤ 1 and if
L
(pn,qn),γ
n is defined by (2.7), then for any function f ∈ W˜α,[0,∞), we have
limn ‖ L
(pn,qn),γ
n (f ; x)− f(x) ‖CB≤ 3M
×max
{(
[n]pn,qn
cn+γ
)α (
γ
[n]pn,qn
)α
,
∣∣∣∣1− [n+1]pn,qncn+γ
∣∣∣∣α ( pn[n]pn,qn[n+1]pn,qn )α , 1− 2 pn[n]pn,qn[n+1]pn,qn + qn[n]pn,qn [n−1]pn,qn[n+1]2pn,qn
}
.
Proof. Using (1.3) and (2.7), we have
| L
(p,q),γ
n (f ; x)− f(x) |
≤ 1
ℓ
pn,qn
n (x)
∑n
k=0
∣∣∣∣f (pn−k+1n [k]pn,qn+γbn,k )−f (pn−k+1n [k]pn,qnγ+bn,k )
∣∣∣∣p (n−k)(n−k−1)2n q k(k−1)2n [ nk
]
pn,qn
xk
+
1
ℓ
pn,qn
n (x)
n∑
k=0
∣∣∣∣f (pn−k+1n [k]pn,qnγ + bn,k
)
−f
(
pn−k+1n [k]pn,qn
[n− k + 1]pn,qnq
k
n
) ∣∣∣∣p (n−k)(n−k−1)2n q k(k−1)2n [ nk
]
pn,qn
xk
+ | Lpn,qnn (f ; x)− f(x) | .
Since f ∈ W˜α,[0,∞) and by using the Corollary 2.5, we can write
| L
(p,q),γ
n (f ; x)− f(x) |
≤ M
ℓ
pn,qn
n (x)
∑n
k=0
∣∣∣∣ pn−k+1n [k]pn,qn+γpn−k+1n [k]pn,qn+γ+bn,k− pn−k+1n [k]pn,qnγ+pn−k+1n [k]pn,qn+bn,k
∣∣∣∣αp (n−k)(n−k−1)2n q k(k−1)2n [ nk
]
pn,qn
xk
+ M
ℓ
pn,qn
n (x)
∑n
k=0
∣∣∣∣ pn−k+1n [k]pn,qnpn−k+1n [k]pn,qn+γ+bn,k − pn−k+1n [k]pn,qnpn−k+1n [k]pn,qn+[n−k+1]pn,qnqkn
∣∣∣∣
×p
(n−k)(n−k−1)
2
n q
k(k−1)
2
n
[
n
k
]
pn,qn
xk +Mδ
α
2
n (x).
This implies that
| L
(p,q),γ
n (f ; x)− f(x) |≤M
(
[n]pn,qn
cn+γ
)α (
γ
[n]pn,qn
)α
+
M
ℓ
pn,qn
n (x)
∣∣∣∣1− [n + 1]pn,qncn + γ
∣∣∣∣α n∑
k=0
(
pn−k+1n [k]pn,qn
[n+ 1]pn,qn
)α
p
(n−k)(n−k−1)
2
n q
k(k−1)
2
n
[
n
k
]
pn,qn
xk+Mδ
α
2
n (x)
= M
(
[n]pn,qn
cn + γ
)α(
γ
[n]pn,qn
)α
+M
∣∣∣∣1− [n + 1]pn,qncn + γ
∣∣∣∣αLpn,qnn (( t1 + t
)α
; x
)
+Mδ
α
2
n (x).
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Using the Hlder inequality for p = 1
α
, q = 1
1−α
, we get
| L
(p,q),γ
n (f ; x)− f(x) |
≤ M
(
[n]pn,qn
cn+γ
)α (
γ
[n]pn,qn
)α
+M
∣∣∣∣1− [n+1]pn,qncn+γ
∣∣∣∣αLpn,qnn ( t1+t ; x)α (Lpn,qnn (1; x))1−α +
Mδ
α
2
n (x)
≤M
(
[n]pn,qn
cn+γ
)α (
γ
[n]pn,qn
)α
+M
∣∣∣∣1− [n+1]pn,qncn+γ
∣∣∣∣α ( pn[n]pn,qn[n+1]pn,qn x1+x)α +Mδ α2n (x).
This completes the proof. 
Acknowledgement. Acknowledgements could be placed at the end of the
text but precede the references.
References
1. A. Aral and O. Doru, Bleimann Butzer and Hahn operators based on q-integers, J. Inequal.
Appl., (2007) 1-12. Art. ID 79410.
2. G. Bleimann, P.L. Butzer and L. Hahn, A Bernstein-type operator approximating contin-
uous functions on the semi-axis, Indag. Math., 42 (1980) 255-262.
3. O. Doru, ”On Bleimann, Butzer and Hahn type generalization of Balzs operators,” Stud.
Univ. Babe-Bolyai. Math., 47(4) (2002) 37-45.
4. A.D. Gadjiev and . Cakar, On uniform approximation by Bleimann, Butzer and Hahn
operators on all positive semi-axis, Trans. Acad. Sci. Azerb.Ser. Phys. Tech. Math. Sci., 19
(1999) 21-26.
5. M.N. Hounkonnou, J. Dsir and B. Kyemba,R(p, q)-calculus: differentiation and integration,
SUT Jour. Math., 49(2) (2013) 145-167.
6. B. Lenze, Bernstein-Baskakov-Kantorovich operators and Lipschitz-type maximal func-
tions, in: Colloq. Math. Soc. Janos Bolyai, 58, Approx. Th., (1990) 469-496.
7. A. Lupa, A q-analogue of the Bernstein operator, University of Cluj- Napoca, Seminar on
Numerical and Statistical Calculus, 9 (1987) 85-92.
8. M. Mursaleen, K. J. Ansari and A. Khan, On (p, q)-analogue of Bernstein operators, Appl.
Math. Comput., 266(2015), 874-882.
9. M. Mursaleen, K. J. Ansari and A. Khan,, Some approximation results by (p, q)-analogue
of Bernstein-Stancu operators, Appl. Math. Comput., 264 (2015), 392-402.
10. M. Mursaleen and A. Khan, Generalized q-Bernstein-Schurer operators and some approxi-
mation theorems, J. Funct. Spaces Appl., Volume 2013.
11. G.M. Phillips, Bernstein polynomials based on the q-integers, The heritage of
P.L.Chebyshev: Ann. Numer. Math. 4 (1997) 511-518.
12. P. N. Sadjang, On the fundamental theorem of (p, q)-calculus and some (p, q)-Taylor for-
mulas, arXiv:1309.3934 [math.QA].
13. V. Sahai and S. Yadav, Representations of two parameter quantum algebras and p,q-special
functions, J. Math. Anal. Appl. 335 (2007) 268-279.
14. D. D. Stancu, ”Approximation of functions by a new class of linear polynomial operators,”
Rev. Roumaine Math. Pures Appl., 13 (1968) 1173-1194.
15. K. Victor and C. Pokman, Quantum Calculus, Springer-Verlag, New York Berlin Heidel-
berg, 2002.
1 Department of Mathematics, Aligarh Muslim University, Aligarh–202002,
India.
E-mail address : mursaleenm@gmail.com; nasir3489@gmail.com
12 M. MURSALEEN, MD. NASIRUZZAMAN, ASIF KHAN, AND KHURSHEED J. ANSARI
2 Department of Pure Mathematics, Aligarh Muslim University, Aligarh–
202002, India.
E-mail address : asifjnu07@gmail.com; ansari.jkhursheed@gmail.com
